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History
FLOQUET, Gaston. Sur les équations différentielles linéaires à coefficients périodiques.
In: Annales scientifiques de l’École normale supérieure. 1883. S. 47-88.



Matthieu Diff.Eq. 1 - moving pendulum (textbook example)

u′′+2Du′+(1+η2 h0
l cos(ηt))u = 0

η = ΩP
ω0



Matthieu Diff.Eq. 2 - stability maps

γ = h0/l
β2 = Ω2/ω2

0



Applications in Rotor Dynamics

▶ Wind turbines
▶ Ram air turbines in commercial airplanes
▶ Propeller in motor glider - today’s example



Outline
▶ History
▶ From rotor dynamics to periodic ODEs
▶ General linear solution
▶ Hill’s approach and time variant eigenvectors
▶ Floquet multiplier
▶ Birdy glider design and stability analysis
▶ Outlook: parametric excitation in OMA

Figure: Birdy Glider, Klenhart Design, Spalt(Bavaria)



Rotor as rigid body with rot. DOF for tilt ΩF =


0
ωη

ωζ


M⃗(S) = ˙⃗D(S) = dF

dt (J (S) · ω⃗) + Ω⃗F × (J (S) · ω⃗)

Figure: Structure with Rotor

ωe



Mechanical diff.eq. with rotation - non-LTI !

(M + ∆M(t)) ÿ(t) + (B + G + ∆G(t)) ẏ(t) + K y(t) = f(t).

G =


· · · · · · · · · · · ·
· · · 0 0 0
· · · 0 0 J1ωe
· · · 0 −J1ωe 0



∆M(t) =


· · · · · · · · · · · ·
· · · 0 0 0
· · · 0 −∆J cos(2ωet) −∆J sin(2ωet)
· · · 0 −∆J sin(2ωet) ∆J cos(2ωet)

 and

∆G(t) = 2ωe


· · · · · · · · · · · ·
· · · 0 0 0
· · · 0 ∆J sin(2ωet) −∆J cos(2ωet)
· · · 0 −∆J cos(2ωet) −∆J sin(2ωet)





Classical gyro effect G
▶ first impact vs conventional ODEs

M ÿ(t) + B ẏ(t) + K y(t) = f(t).

▶ skew-symmetric and speed dependent matrix

G =


· · · · · · · · · · · ·
· · · 0 0 0
· · · 0 0 J1ωe
· · · 0 −J1ωe 0


▶ FRF with left eigenvectors

H(Ω) =
2f∑

k=1

yRkyT
Lk

ak(iΩ − λk)



Major change to time dependent diff. eq. - ∆G, ∆M
▶ second impact vs. conventional ODEs:

Mÿ(t) + (G + B)ẏ(t) + Ky(t) = f(t)

▶ Time dependency with rotor speed, assumption ωe = const. -> periodic; linear
time-periodic (LTP-) System;
ΩP = 2ωe ; unsymmetry ∆J = 1

2(J2 − J3)

∆M(t) =


· · · · · · · · · · · ·
· · · 0 0 0
· · · 0 −∆J cos(2ωet) −∆J sin(2ωet)
· · · 0 −∆J sin(2ωet) ∆J cos(2ωet)



∆G(t) = 2ωe


· · · · · · · · · · · ·
· · · 0 0 0
· · · 0 ∆J sin(2ωet) −∆J cos(2ωet)
· · · 0 −∆J cos(2ωet) −∆J sin(2ωet)





First-order diff. eq.

With state vector
x =

[
y
ẏ

]
system matrices

A1(t) ẋ(t) + A0(t) x(t) = p(t),

A1(t) =
[

B + G + ∆G(t) M + ∆M(t)
M + ∆M(t) 0

]
,

A0(t) =
[

K 0
0 −M − ∆M(t)

]
,

and the excitation vector
p(t) =

[
f(t)
0

]
.



Fundamental solution for LTIs

Lunze: Control Theory (Regelungstechnik) for constant coefficients for LTIs

Is there a similar solution for periodic non-LTIs?



Fundamental solution for periodic ODEs

Φ(t) = S(t) eRt .

Matrix S(t) is a regular, continuously differentiable, and periodic matrix with

S(t + TP) = S(t).

It can be used for a coordinate transformation :

x(t) = S(t) z(t).

This is a so-called Lyapunov transformation.
▶ A linear differential equation with periodic coefficients can be transformed

(reduced) into a differential equation with constant! coefficients.



Ljapunov transform

The Ljapunov transform transforms the time-variant ODE to one with constant
coefficients.
This will be the key to solve it

ż(t) + (A1(t)S(t))−1[A1(t)Ṡ(t) + A0(t)S(t)]︸ ︷︷ ︸
−AS = const.

z(t) = (A1(t)S(t))−1p(t).

▶ then Φ(t) = eAS t expected as solution
▶ challenge to find S(t + TP) = S(t).



Hill’s method (1)
Hill’s approach for a time variant eigenvector

x(t) = eρt u(t),

u(t) = u(t + TP) =
+∞∑

l=−∞
uleilΩP t .

▶ substitute this setup into the differential equation
▶ specify the periodic system matrices A1, A0 into a complex Fourier series using

A1(t) =
+∞∑

a=−∞
A1a eiaΩP t , A0(t) =

+∞∑
a=−∞

A0a eiaΩP t ,

e.g. sin(ΩPt) = 1
2i (eiΩPt − e−iΩPt), cos(ΩPt) = 1

2(eiΩPt + e−iΩPt)



Hill’s method (2)

▶ Several summands always occur with the same frequency, a multiple of ΩP
▶ A coefficient comparison leads to an algebraic eigenvalue problem of infinite

dimension (hyper-eigenvalue problem)

(ρÂ1 + Â0) û = 0,

▶ The hyper-eigenvector û has the structure
ûT = [. . . , uT

−2, uT
−1, uT

0 , uT
+1, uT

+2, . . . ]



Hill’s method (3)

▶ The subvectors ul are those from the approach. For practical problems, it is
sufficient to restrict the approach vector u(t) to a few Fourier terms, so that the
hypereigenvalue problem is reduced to a finite dimension.

▶ The terms in the vicinity of the constant part l = 0 are of greatest importance
here. For a symmetric approach −L ≤ l ≤ +L, the eigenvalue problem has the
dimension (2L + 1)2f .

▶ challenge: find the relevant ones due to redundancy



Hill’s method (4)

For L = 2 the hyper-EVP is:


A10 A1−1 A1−2 A1−3 A1−4
A1+1 A10 A1−1 A1−2 A1−3
A1+2 A1+1 A10 A1−1 A1−2
A1+3 A1+2 A1+1 A10 A1−1
A1+4 A1+3 A1+2 A1+1 A10

 ρ +


−2iΩPA10 + A00 −iΩPA1−1 + A0−1 A0−2 iΩPA1−3 + A0−3 2iΩPA1−4 + A0−4

−2iΩPA1+1 + A0+1 −iΩPA10 + A00 A0−1 iΩPA1−2 + A0−2 2iΩPA1−3 + A0−3
−2iΩPA1+2 + A0+2 −iΩPA1+1 + A0+1 A00 iΩPA1−1 + A0−1 2iΩPA1−2 + A0−2
−2iΩPA1+3 + A0+3 −iΩPA1+2 + A0+2 A0+1 iΩPA10 + A00 2iΩPA1−1 + A0−1
−2iΩPA1+4 + A0+4 −iΩPA1+3 + A0+3 A0+2 iΩPA1+1 + A0+1 2iΩPA10 + A00





u−2
u−1
u0

u+1
u+2

 = 0



Application: Birdy glider 1

Figure: Vibration measurement in operation; airfield Renneritz/Leipzig, Sachsen-Anhalt

1Bienert, J., and Regnet, S. (2026). Stability Analysis for an Ultra-Lightweight Glider Airplane with
Electric Driven Two-Blade Propeller. Vibration, 9(1), 3. https://doi.org/10.3390/vibration9010003
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Figure: Propulsion Unit
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The classical matrices for a Matlab MDOF simulation

▶ stiffness K: Bernoulli Beam elements in 3D
▶ mass M: Bernoulli Beam elements in 3D
▶ damping B
▶ modal damping

diag ⌈2Dω0⌋ = M−1
0 · B0

▶ validated model by classical modal analysis with damping of 2%



Mode shape - Birdy propulsion

Figure: Polynomial fit to mode shape, 1st bending mode



Increase of degrees of freedom

▶ x-z plane: 3 Bernoulli beam elements = 4 nodes = 8DOF (4xtransl, 4xrot)
▶ boundary cond: 3x transl fixed; 5 DOF remaining (1x transl, 4*rot)
▶ 3D: 2x 5 DOF, spacial symmetry = 10 DOF
▶ 2nd order ODE into 1st order state space: 2x 10 DOF =20 DOF
▶ Hill-Fourier extension: −2 ≤ l ≤ +2 -> 5 *20 DOF = 100 DOF



General gyro behaviour

follow the imaginary part of the time-constant system

G =


· · · · · · · · · · · ·
· · · 0 0 0
· · · 0 0 J1ωe
· · · 0 −J1ωe 0


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Figure: Frequency of first mode varying with rotor speed
(assumption of rigid rotor)



Clarify redundancy of Hill’s hyper-EVP

▶ find the redundant part that has the largest constant constant part l = 0
▶ problem: mixed structure of DOF

(translation-rotation, displacement-velocity)
ûT = [. . . , uT

−2, uT
−1, uT

0 , uT
+1, uT

+2, . . . ]



Main result: real part of EV vs speed and damping (0.5%,2.0%,5.0%)
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Figure: Stability chart 300 . . . 2500rpm, γ = ∆J/Jm



Linear solution superposition by Floquet (alternative to Hill)

▶ f mechanical degrees of freedom and 2f state variables
▶ 2f linearly independent solutions
▶ linear combination

x(t) = Φ(t) c0

▶ initial conditions x0 = x(t = t0)
▶ state transition matrix ΦT (t, t0) (as usual for linear systems)

x(t) = Φ(t) Φ−1(t0)︸ ︷︷ ︸
ΦT (t, t0)

x0.

▶ all solutions can be recombined, regular C0 required

Ψ(t) = Φ(t) C0



Floquet EVP (1)

Φ(t + TP) = Φ(t) · C︸︷︷︸
monodromie

▶ Solution after one period: x(TP) = Φ(TP) x0
▶ when is it scaled? x(TP) = µ x0
▶ combine: Φ(TP) x0 = µ x0
▶ Floquet EVP: (Φ(TP) − µI) x0 = 0 or [C − µE] c = 0



Floquet EVP (2) - decomposition by multipliers

With the help of the eigenvalues µk and the eigenvectors ck , which form the matrix of
eigenvectors Cc , a special representation of the monodromy matrix follows:

C = Ccdiag ⌈µk⌋ C−1
c .

The following applies to the stability of natural vibrations: The system is
▶ unstable for |µk | > 1 for at least one eigenvalue,
▶ marginally stable for |µk | = 1 for at least one eigenvalue,
▶ asymptotically stable for |µk | < 1 for all eigenvalues.

A characteristic multiplier
▶ µk = 1 leads to periodic solutions of period TP , and
▶ µk = −1 leads to periodic solutions of period 2TP ,

in each case with initial conditions in the form of an eigenvector ck .



Floquet EVP (3)

▶ how to get 2f linear independent solutions?
Solve x(TP) = Φ(TP) x0 for 2f randomized x0

▶ problem 1:
parameter space: n = 300 . . . 2500rpm and γ = ∆J/Jm

▶ problem 2: time-variant eq. with inverse

A1(t) ẋ(t) + A0(t) x(t) = p(t),

ẋ(t) = −A1(t)−1 A0(t) x(t)
▶ Solution: modal reduction of differential equation with critical 1st bending mode
▶ automatic function generation within Matlab

MM = matlabFunction(odes,’Vars’,v,’File’,’myfile’,’Optimize’ ,false);



Multiplier first bending mode at 2500rpm
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Research Question

What is the expected result for an OMA analysis for periodic time-dependent system ?



Magnus gyro - 1973
Prof. Kurt Magnus, Technical University Munich, * 8. September 1912 in Magdeburg;
† 12. Dezember 2003 in München



Magnus gyro setup

▶ Simulation of a small system
▶ ωe = 2π · 31

s ≡ (180 rpm)
▶ tilt rotation axes fixed elastically

K =
[

kφ 0
0 kφ

]

▶ discrete time simulation with time-variant state matrix A[k], 36 time steps per
revolution

x[k + 1] = A[k]x[k] + v[k]

y[k] = Cx[k] + w[k]



Magnus gyro PSD output 2
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2Andrew Otto (2026). OoMA Toolbox
(https://de.mathworks.com/matlabcentral/fileexchange/68657-ooma-toolbox), MATLAB Central File
Exchange. Abgerufen 9. Mai 2026.



Magnus gyro - frequency chart
potentially unstable for n Ωp = ωn ± ωm, mainly n Ωp = 2 · ωn
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Magnus gyro SSI-cov stabilization diagram at 180rpm -> fP = 6Hz
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Magnus gyro SSI-data stabilization diagram at 180rpm -> fP = 6Hz
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Research Question

are the peaks with a distance of ΩP?
are the extracted mode shapes the same as from the Hill EVP?



Conclusion

▶ excursion into time-variant ODEs
▶ still a linear system; key message is the existence of periodic eigenvectors
▶ practical solution by Hill hyper-EVP; answers question of stability
▶ practical example with glider propulsion unit
▶ simulation of gyro system shows impact to OMA approaches



Figure: Backup notes


