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FLOQUET, Gaston. Sur les équations différentielles linéaires a coefficients périodiques.

In: Annales scientifiques de I'Ecole normale supérieure. 1883. S. 47-88.

SUR LES

EQUATIONS DIFFERENTIELLES LINEAIRES
A COEFFICIENTS PERIODIQUES,

Par M. G. FLOQUET,

PROFESSEUR A LA FAGULTE DES SCIENGES DE NANCY.

Je considere, dans ce travail, une équation différentielle linéaire

homogene

damy dan-ty an-ty }
P(y)= T P e P s e Py =0,

4 coefficients uniformes et périodiques, de méme période w, et dont
U'intégrale générale est supposée uniforme.
Tétudie la forme analytique des solutions.
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Matthieu Diff.Eq. 1 - moving pendulum (textbook example)

19.1 Vorbetrachtung: Pendel mit bewegtem Aufhingepunkt;
Stabilitiit der Mathieu’schen Differentialgleichung

Das Riittelpendel (Abb. 19.1). das Schulbeispiel aller Mechamk und Mathematik-
biicher, genigt fiir kleine Schwi der B /‘
ho$2? T
mu+du+(";g+$cn<9!)ﬁ:0. (19.3) { \/ I’

wobei d die im Bild nicht eingezeichnete Diimpfung darstellt. Zur Riickstellung
aus dem Pendelglied mg/ [ tritt die Parametererregung mit cos 27 und der Parame-
teramplitude mho£22/ 1. Sie verursacht bei gewissen Erregerfrequenzen die Instabi-
litiit.

Fiihrt man die Zeitnormierung auf die Erregerfrequenz 2 ein. v = 1.
=dldl=ﬂ’(z. i=()’
dr dt dt

L e\t
= =3 (E) =u"Q
und dividiert noch (19.3) durch m£22, erhiilt man die iibliche Form der Mathieu’-
/ / h
schen Differentialgleichung u / —|— 2 Du —|— ( 1 —|— ’]72 Jll COS(’]” t)) u = 0

@ 42D 4 (B + ycosT)ii = 0., (19.4) _ Qp

7’]_

=
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Matthieu Diff.Eq. 2 - stability maps

2

0.&/
D=0,00 —
0,5-/ e instabil D=0,05 ——--
/ L A v = ho/l
041 \ B? =Q?/wd
/ g \
03 / A\
0 : N7/
LR 05 15 2 n=Rlw 25
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Applications in Rotor Dynamics

» Wind turbines
» Ram air turbines in commercial airplanes

» Propeller in motor glider - today's example

Air India
Flight Al 171

12.Juni2025 1340LT 08:10 UTC
Anhmedabad-Sardar Vallabhbhal Patel International Airport
AMD - VAAH
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Outline

4

History

» From rotor dynamics to periodic ODEs

vvyvyvVvyy
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General linear solution

Hill's approach and time variant eigenvectors
Floquet multiplier

Birdy glider design and stability analysis
Outlook: parametric excitation in OMA

Figure: Birdy Glider, Klenhart Design, Spalt(Bavaria)

[m]
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0
Rotor as rigid body with rot. DOF for tilt Qf = | w,
W

) — B _ %(7(5) &)+ Gr x (79 - )

Figure: Structure with Rotor
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Mechanical diff.eq. with rotation - non-LTI !

(M+ AM(t)) y(t) + (B + G+ AG(t)) y(t) + Ky(t) = f(t).

0 0 0

G= 0 0  Jwe
0 —lee 0
AM(t) = | 0 ° 0 and

0 —AJcos(2wet) —AJsin(2wet)
0 —AJsin(Qwet) AJcos(2wet)

0 0 0
0 AJsin(Qwet) —AJcos(2wet)
0 —AJcos(2wet) —AJsin(2wet)

AG(t) = 2w,
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Classical gyro effect G

> first impact vs conventional ODEs

My(t) + By(t) + Ky(t) = f(t).

P> skew-symmetric and speed dependent matrix

G= 0 0  Jwe
0 —lee 0
> FRF with left eigenvectors
H(Q) — 2Zf yRkyZ-k
ak(iQ — )\k)

k=1
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Major change to time dependent diff. eq. - AG, AM

» second impact vs. conventional ODEs:
My(t) + (G + B)y(t) + Ky(t) = f(1)
> Time dependency with rotor speed, assumption we = const. -> periodic; linear

time-periodic (LTP-) System;
Qp = 2we ; unsymmetry AJ = %(JQ — k)

0 0 0

AM(t) = 0 —AJcos(2wet) —AJsin(2wet)
0 —AJsin(Qwet) AJcos(2wet)
AG(t) = 2w, 0 0 0

0 AJsin(Quet) —AJcos(2wet)
0 —AJcos(2wet) —AJsin(2wet)

Technische Hochschule Ingoistadt | Jérg Bienert

Ny



First-order diff. eq.
With state vector

ot

Ax(t) x(t) + Ao(t) x(t) = p(t),

B+ G+ AG(t) M+ AM(t)
M + AM(t) 0 1 ’

system matrices

Aq(t) =

K 0
Aolt) = [ 0 —M— AM(t) 1

and the excitation vector
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Fundamental solution for LTls

Lunze: Control Theory (Regelungstechnik) for constant coefficients for LTls

Nach Einfiihrung der Abkiirzung
B(t) = Al (5.12)

kann man diese Losung in einer hiiufig in der Literatur angegebenen Form schreiben:

i
o(t) = P(t) mo + /@{z — 1) bu(r) dr.
1]

Is there a similar solution for periodic non-LTlIs?
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Fundamental solution for periodic ODEs

®(t) = S(t) eRt.
Matrix S(t) is a regular, continuously differentiable, and periodic matrix with

S(t+ Tp) = S(t).

It can be used for a coordinate transformation :

x(t) = S(t) z(t).

This is a so-called Lyapunov transformation.

» A linear differential equation with periodic coefficients can be transformed
(reduced) into a differential equation with constant! coefficients.
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Ljapunov transform +)°

The Ljapunov transform transforms the time-variant ODE to one with constant
coefficients.
This will be the key to solve it

2(t) + (A1(t)S(t))"'[A1()S(t) + Ao(t)S(t)] 2(t) = (A1(t)S(t)) " p(t).

—Ag = const.

> then ®(t) = e”s? expected as solution
» challenge to find S(t + Tp) = S(t).
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Hill's method (1)

Hill's approach for a time variant eigenvector

x(t) = e’ u(t),

u(t)=u(t+ Tp) = Z uje et

» substitute this setup into the differential equation

» specify the periodic system matrices A1, Ag into a complex Fourier series using

+w . +m .
2 : Ala elant’ A[)(t) — } : AOa elant’
a=—o0 a=—0o0
1 if2pt —iQ t 1 1Q t —i2pt
e.g.sin(2pt) = 5 — (e PY), cos(£2pt) = 2( Pl e P
1
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Hill's method (2)

» Several summands always occur with the same frequency, a multiple of Qp

> A coefficient comparison leads to an algebraic eigenvalue problem of infinite
dimension (hyper-eigenvalue problem)

(pA1 + Ag) G =0,
» The hyper-eigenvector U has the structure

=T T T T T T
u' =[..,ulsulj,ug,uiup,, .. ]
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Hill's method (3) +)°

» The subvectors u; are those from the approach. For practical problems, it is
sufficient to restrict the approach vector u(t) to a few Fourier terms, so that the
hypereigenvalue problem is reduced to a finite dimension.

> The terms in the vicinity of the constant part / = 0 are of greatest importance
here. For a symmetric approach —L < | < 4L, the eigenvalue problem has the
dimension (2L + 1)2f.

» challenge: find the relevant ones due to redundancy
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Hill's method (4)

For L = 2 the hyper-EVP is:

A1o
A1
Alt2
A1+3
A1ts

A1
Ao
Alt+1
Ar2
A113

—2iQpA1o + Ao —iQ2pA1_1+ A1 Ao2

—2iQ2pA1y1 + Aor1 —if2pA1o + Aoo

—2iQpA142 + Aor2 —i2pA141 + Aol
—2iQpA143 + Aoz —i2pA1ia + Aot
—2iQ2pA144 + Aors —i2pA143 + Aoy
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Ao—1
Aoo
Ao+1
Ao+2

A2 Ai3 A1 4
Ai—1 A2 Ai-3
A Ai-1 A2 | p+
Arp1 Ao Al
A2 A1 Awp

iQpA1—3 + Ao—3 2iQpA1_4+ Ao—s
iQpA1—2+ Ao—2 2iQpA1_3+ Ao—3
iQpA1_1+ Ao—1 2iQ2pA1_2+ A2
iQpAio + Ao 2iQ2pA1—1+ Ao—1
iQpAit1 + Aoy1  2i2pA10 + Aoo

to
Uyl
uy2
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Application: Birdy glider ! _I_).

Figure: Vibration measurement in operation; airfield Renneritz/Leipzig, Sachsen-Anhalt

!Bienert, J., and Regnet, S. (2026). Stability Analysis for an Ultra-Lightweight Glider Airplane with
sElectric:DriveniTwo:Blade Propeller. Vibration, 9(1), 3. https://doi.org/10.3390/vibration9010003 =




Antriebswelle/Akku

mit Prop 6240mm
Rumpflnge 6070mm

Akku: L:433mm x B:276 x Tiefe 83mm

2000mm

Dampfung: Gummi O-Ringe 54x1,5mm 1 Ring .
{gltematl: 2 Ringe im Abstand von 20mm pro Lagersitz)
hore: standard, 45

Carbonmufie 60x1 x120mm

Motor Prop

1 2 3

Lagersitz 2

"Achtung: die Welle besteht aus 3 Teilen,
nicht gleich lan
(Vermeiden gleicher Frequenz)

Eine Befestigung der
Akkus direkt am
Holmschacht mit 1-ton.
Gurten ist auch mdglich
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Kugellager (

4 Wellenverbindung: Innenrohrlagerung

X)) 3253x200mm Al ANTOTS, mit Kugollagersitz
Mitte, Kugellager 35x47x7mm im Rohr mit
Lagerschalen/mit einem O-Ring gelagert

2000mm 950mm

Lagersitz 3

650mm

Antriebswelle innen: 34x2mm Carbon

Perunalrohr/Schutzrohr (aussen) 3650mm, 54x0,9MmM At Hochfest F=6okgimm2

(ca. 75%A5°Torsion, 25%UD)

Gesamtlange Welle 3715mm mit Uberstand vorne

Gewicht Aussenwelle mit Innenwelle/Anschiisse gesamt ca. 2800g

Gesamtlange Welle 3765mm mit Propadapter Zapfen beidseitig

Figure: Propulsion Unit

Lagersitz 4

Falt-Prop
e-prop/T.Roth
1290m

Propgewicht
komplett mit
Faltnabe=950gr.



L4
Propeller
0.9

8kg

Antriebsstrang Birdy

Propeller-
zapfen
0,349g
CFK-Muffe 1 FK-Well CFK-Muffe 2 CFK-Muffe 3
mit O-Ring CFK-Welle mit O-Ring mit O-Ring
Motor
Geiger Kugellager Kugellager Kugellager Kugellager
HPD14
1150mm L 1307,5mm T 1140mm
2000mm 950mm 650mm 80
Uberstand
des Wellen-
stummels
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The classical matrices for a Matlab MDOF simulation

stiffness K: Bernoulli Beam elements in 3D
mass M: Bernoulli Beam elements in 3D

damping B

vvyyy

modal damping
diag [2Dwp| = Myt - Bg

validated model by classical modal analysis with damping of 2%

v
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Mode shape - Birdy propulsion

Bending mode polynomial fitin y and z dir.

Ny
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.
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Figure: Polynomial fit to mode shape, 1st bending mode
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Increase of degrees of freedom

» x-z plane: 3 Bernoulli beam elements = 4 nodes = 8DOF (4xtransl, 4xrot)
» boundary cond: 3x transl fixed; 5 DOF remaining (1x transl, 4*rot)

» 3D: 2x 5 DOF, spacial symmetry = 10 DOF

» 2nd order ODE into 1st order state space: 2x 10 DOF =20 DOF

» Hill-Fourier extension: —2 < /< 42 -> 5 *20 DOF = 100 DOF

Technische Hochschule Ingoistadt | Jérg Bienert
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General gyro behaviour

Ny

follow the imaginary part of the time-constant system

» Classical Gyro effect 1st mode

21

0 Hz
s

0 0 0 ’

G= 0 0w ’
0 —Jwe 0 "

0 500 1000 1500 2000 2500
rpm 1/min

Figure: Frequency of first mode varying with rotor speed
(assumption of rigid rotor)
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Clarify redundancy of Hill's hyper-EVP

» find the redundant part that has the largest constant constant part / =0

» problem: mixed structure of DOF
(translation-rotation, displacement-velocity)
=T T T T T T
u' =[..,ulsulj,ug,uiup,, .. ]
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Main result: real part of EV vs speed and damping (0.5%,2.0%,5.0%)f-’°
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Linear

v

solution superposition by Floquet (alternative to Hill)

f mechanical degrees of freedom and 2f state variables
2f linearly independent solutions

linear combination

initial conditions xo = x(t = tp)

state transition matrix ®1(t, tp) (as usual for linear systems)
x(t) = d(t) d~ (1) xo.
®r(t, to)
all solutions can be recombined, regular Cq required

V(t) = d(t) Co

Technische Hochschule Ingoistadt | Jérg Bienert
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Floquet EVP (1)

O(t+ Tp) = d(t) - \(;_/
monodromie
» Solution after one period: x(Tp) = ®(Tp) xo
» when is it scaled? x(Tp) = p xg
» combine: cD(T,D) Xp = U Xp
» Floquet EVP: (®(Tp) — ul) xgp =0 or [C— uE]c =0

Technische Hochschule Ingoistadt | Jérg Bienert
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Floquet EVP (2) - decomposition by multipliers +)°

With the help of the eigenvalues uyx and the eigenvectors ¢y, which form the matrix of
eigenvectors C., a special representation of the monodromy matrix follows:

C = C.diag [u] CZL.
The following applies to the stability of natural vibrations: The system is
» unstable for |uk| > 1 for at least one eigenvalue,
» marginally stable for |ux| = 1 for at least one eigenvalue,
» asymptotically stable for |ux| < 1 for all eigenvalues.

A characteristic multiplier
» 1, = 1 leads to periodic solutions of period Tp, and
» 1, = —1 leads to periodic solutions of period 2Tp,
in each case with initial conditions in the form of an eigenvector cy.
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Floquet EVP (3)

Ny

> how to get 2f linear independent solutions?
Solve x(Tp) = ®(Tp) xo for 2f randomized xg

» problem 1:
parameter space: n = 300...2500rpm and v = AJ/Jn,

» problem 2: time-variant eq. with inverse

Aq(t) x(t) + Ao(t) x(t) = p(t),
() = —A(t) " Ao(t) x(t)
» Solution: modal reduction of differential equation with critical 1st bending mode

» automatic function generation within Matlab
MM = matlabFunction(odes, Vars',v, File’,'myfile’,’Optimize’ ,false);
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Multiplier first bending mode at 2500rpm .ho

abs \1Ialue for the characteristic multipliers

0.9 1

real/ismag for the characteristic multiplierso.s - 4

2 0.7t 1

1 0.6 1

0 05r 1

-1 0.4F —

2 03 1
-3

2 0 2 021 1

0.1r 1

0
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Research Question .ho

What is the expected result for an OMA analysis for periodic time-dependent system ?
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Magnus gyro - 1973

Prof. Kurt Magnus, Technical University Munich, * 8. September 1912 in Magdebu
1 12. Dezember 2003 in Miinchen

+

rg;

Gyroscope Stability - 1973
Technische Hochschule Ingolstadt | Jrg Bienert
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Magnus gyro setup

» Simulation of a small system
we = 2 - 31 = (180 rpm)

> tilt rotation axes fixed elastically

k| % o
0 kg
> discrete time simulation with time-variant state matrix A[k], 36 time steps per
revolution

v

x[k + 1] = A[K]x[K] + v[k]
y[k] = Cx[k] + wl[k]

Technische Hochschule Ingoistadt | Jérg Bienert
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Magnus gyro PSD output 2

Ny

2

n
=3
S

Acceleration (ms™)

0 50 100 150 200 250 300 350 400 450 500
Time (s)

PSD (dB)

‘ TP Wyerwbveenred ?
0 5 10 15 20 25 30 35
Frequency (Hz)

?Andrew Otto (2026). OoMA Toolbox
(https://de.mathworks.com/matlabcentral/fileexchange /68657-ooma-toolbox), MATLAB Central File

rolxchanger-Abgerufen 9. Mai 2026.



Magnus gyro - frequency chart

potentially unstable for nQ, = w, & wm,, mainly nQ, =2 - w,

Ny

14 T T
f1 G-effect
2 G-effect,
12 |- |— — —fl non-rotating
— — — {2 non-rotating
—10r
N | |-
==
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Magnus gyro SSl-cov stabilization diagram at 180rpm -> fp = 6Hz .I.,-

Stabilization Diagram

20 T T T T T T 60
- * X 8.112 } o ° © unstable
18 | o4 * X 8.262 e X  stable |50
X 2.109 4 R
T | X 2259 : ) 140

14+ . . . 130

20

Model Order

>
CMIF Magnitude (dB)

0 1 1 1 1 1 1 1 1 1 _40
0 2 4 6 8 10 12 14 16 18 20

Frequency (Hz)
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Magnus gyro SSl-data stabilization diagram at 180rpm -> fp = 6Hz .I.,-

Stabilization Diagram

20 T T T T T 60
- unstable

18 + . x v . . x stable 450

16 F o . . . =40
14 - . ‘ . . 130 o
. . . s
o 12r 120 o
T: 110§
S o]
o =
= 10w
=
. —_10 O

X

. 1-20

2 1 -30

0 | | | | | | | | | 40

0 2 4 6 8 10 12 14 16 18 20
Frequency (Hz)
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Research Question

are the peaks with a distance of Qp7?
are the extracted mode shapes the same as from the Hill EVP?
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Conclusion

excursion into time-variant ODEs
still a linear system; key message is the existence of periodic eigenvectors
practical solution by Hill hyper-EVP; answers question of stability

practical example with glider propulsion unit

vVvyvyyvyy

simulation of gyro system shows impact to OMA approaches
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